A result concerning the existence of positive solutions for the Dirichlet boundary value problem− (ϕp (u )) = f (t, u) , t ∈ (0, 1) , u (0) = c > 0 and u (1) = 0, is given in this paper. Here f (t, y) may change sign and may be singular at y = 0.
1. Introduction. This paper establishes a new result concerning the existence of nonnegative solutions for the Dirichlet boundary value problem (1.1) − (ϕ p (u )) = f (t, u) , t ∈ (0, 1) u (0) = c > 0, u (1) = 0;
here ϕ p (x) = |x| p−2 x, p > 1. For p = 2, the above problem models steady-state diffusion with reaction ( see [1] ) and many results have been obtained in the literature when f (t, u) ≤ 0 or f (t, u) ≥ 0, (see [2 − 4] and the references therein). However, very few results are available when f (t, u) changes sign. For p = 2, the above problem occurs in the study of the n−dimensional p−Laplace equation, non-Newtonian fluid theory and the turbulent flow of a gas in a porous medium [5] .
Main Results.
Consider the boundary value problem Let α ∈ C ([0, 1] , R) ∩ C 1 ((0, 1) , R) and ϕ p (α ) ∈ C 1 ((0, 1) , R) . Now α is called a lower solution for problem (2.1) if (t, α (t)) ∈ D for all t ∈ (0, 1) and Lemma 2.1 [7] . Suppose α, β are lower and upper solution of problem (2.1) and assume the following conditions are satisfied:
there exists a continuous function q ∈ C (0, 1) such that
Then the BVP (2.1) has at least one solution
Theorem 2.1. Suppose the following conditions hold:
(H5) there exist a constant a ∈ (0, c] and a continuous function
Proof. We first prove the following four Claims.
In addition
Proof of Claim 1. From [9] we know that (2.2) has a unique positive solution. On the other hand, since (ϕ p (φ )) ≥ 0 we have that φ is increasing. Using φ (1) = 0 we obtain φ ≤ 0.
Multiply both sides of (2.1) by φ and then integrate from s to 1, to obtain
is a solution of (2.2) . Now
Proof of Claim 2. From [9] we know that (2.4) has a unique positive solution. On the other hand since − (ϕ p (θ )) ≥ 0 we have that θ is decreasing. Using θ (0) = 0 we obtain θ ≤ 0. Let
Argue as in Claim 1 to obtain
is a solution of (2.4) . Now since
. We now consider the case b 1 < a. We easily obtain that
It is obvious that Φ
and
Consequently, Φ has no locally minimum point in (b 1 , a) . Notice
Since a < b 2 we have
Suppose there exists t 0 ∈ (0, 1) such that
3) and (2.6) we have
, ∀t ∈ (0, 1) and
Proof of Claim 4. Let R = min t∈[0,1] θ (t) > 0 and
By Claim 1 and Claim 2, we have
From Lemma 2.1, we know the problem
From Claim 1 and Claim 4, we have
Then η is an upper solution and φ is a lower solution of problem (2.8) . On the other hand 0 < φ (t) ≤ η (t) , t ∈ 0, 1 −
The Mean Value Theorem implies that there exists τ ∈ 0, 1 − 1 n0 with z n converging uniformly to u n0+1 on 0, 1
. Proceed inductively to obtain subsequence on integers
and functions
Let y n → y uniformly on [a 0 , b 0 ] . As the proof in Theorem 2.4 [5] , if we show lim n→∞ A yn = A, then this together with ϕ 
The Mean Value Theorem for integrals implies that there exists η n ∈ [0, 1] with
and since y n → y uniformly on [a 0 , b 0 ] we have lim n→∞ A yn = A y . Now since z n converges uniformly on [a 0 , b 0 ] to u as n → ∞ and Lz n = z n we obtain Lu = u, i.e.
We can do this argument for each t ∈ (0, 1) and so − (ϕ p (u (t))) = f (t, u) , 0 < t < 1. It remains to show u is continuous at 1.
Let ε > 0 be given. Now since 0 < φ (t) ≤ η (t) , t ∈ (0, 1) and φ (1) = η (1) = 0, there exists δ > 0 with
This together with the fact that φ (t) ≤ u n (t) ≤ η (t) for t ∈ (0, 1) implies that
and so u is continuous at 1. Thus u ∈ C [0, 1] ∩ C 1 (0, 1) and u is a positive solution of (1.1) . The proof of Theorem 2.1 is complete.
Remark 2.1. The ideas in this section can be used to discuss the BVP − (ϕ p (u )) = f (t, u) , t ∈ (0, 1) u (0) = 0, u (1) = c > 0.
Only minor adjustments are needed, so we leave the details to the reader.
To illustrate the above ideas we consider the following problem 
